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Charge Fluctuations of a Schwarzschild Black Hole
Marcelo Schiffer∗
Department of Physics, Ariel University, Ariel 44837, Israel.
(Dated: July 25, 2018)
In this paper we calculate charge fluctuations of a Schwarzschild black-hole of mass M in thermal
equilibrium with radiation and an electron-positron plasma confined within a vessel of radius R.
We show that charge fluctuations are always present, even if the black-hole is neutral and the
overall charge of the system vanishes. Furthermore, if R/M >> 1 the system becomes unstable
under charge fluctuations. Surprisingly enough, besides the expected thermodynamical black hole
charge fluctuation resulting from the fluctuations on the number of charge carriers, there are other
contributions to the overall charge fluctuation of the black-hole which, against our intuition, do
not depend upon the particles’ charge. We conjecture that one of the contributions is an intrinsic
purely quantum mechanical effect of the black-hole itself as it does not depend on any of the control
parameters, namely the radius of the confining cavity nor the temperature of the system, and even
not upon the mass or charge of the particles.
PACS numbers : 04.70Dy, 05.40.-a, 05.70-a,52.25 Kn:
I. INTRODUCTION
A single electron crosses the event horizon of an oth-
erwise neutral massive black-hole sitting at the centre of
a Galaxy. From this moment on, the space-time topol-
ogy changes dramatically. All of the sudden, a Cauchy
Horizon develops, the time-like space-time singularity be-
comes space-like. From now on, it is conceivable that
an in-falling system crosses the hole’s horizon, then the
Cauchy horizon, thus avoiding crushing at the singularity
and finally emerges in another Universe [1]. The effect
of such a tiny charge on the space-time topology of a
massive black-hole sounds disturbing and unreasonable.
In order to shed some light on such a scenario we look
at an idealized situation, charge fluctuations of a black-
hole in equilibrium with photons and an electron-positron
plasma inside a spherical cavity; the overall charge of the
system vanishes, as well as the mean charge of the black-
hole.
II. A SCHWARZSCHILD BLACK HOLE IN
THERMAL EQUILIBRIUM WITH RADIATION
AND A PLASMA
Let E± and S± represent the energy and entropy of the
electron-positron plasma and X = N+ − N− the excess
number of positrons over electrons; Eγ and Sγ stand for
the radiation’s energy and entropy, respectively and Sbh
and M , the corresponding quantities for the black-hole.
The total entropy, energy are:
Stot = SBH + S± + Sγ
Etot =M + E± + Eγ (1)
and the charge conservation constraint
0 = Q+ eX (2)
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must be fullfliled .
With the the appropriate number of particles per mode
n(ω), we can calculate the total energy and the total
number of particles:
E =
∫
dΣ0
∫
d3p
∫
g(p)ωǫn(ǫ)
N =
∫
dΣ0
∫
d3p
∫
g(p)n(ǫ) (3)
where g(p) counts the degeneracy. The black-hole en-
tropy is given by Bekenstein’s formula [2] :
SBH =
1
4~
(4πr+)
2 (4)
where r+ =M +
√
M2 −Q2.
The radiation and plasma energies are
Eγ =
4π3
15~3
β−4
∫ R
r+
r2
√
grrdr
E± =
4
π~3
∫ R
r+
r2
√
grrdr
∫
[ǫ (n+ + n−)
+
eQ
r
(n+ − n−)
]
p2dp (5)
where n± represent the electron-positron populations:
n± =
1
eβ(ǫ±ν) + 1
(6)
with
ν = eQµ+
eQ
r
(7)
Here µ stands for the chemical potential in units of
eQ, eQ/r for the electrostatic potential energy and ǫ =√
p2 +m2. As either e → 0 or Q → 0 the difference
n+ − n− → 0, as it should; R is the coordinate radius
of a spherical confining vessel containing the hole, the
radiation and plasma.
2The entropy of the radiation is easily calculated from
eq.(5) via the first law of thermodynamics, but we pre-
fer to calculate the plasma entropy explicitly because the
charge conservation constraint must be considered. Ac-
cordingly:
Sγ =
16π3
45~3
β−3
∫ R
r+
r2
√
grrdr
S± =
4β
π~3
∫ R
r+
r2
√
grrdr
∫ [(
ǫ+
p
3
dǫ
dp
)
(n+ + n−)
+ ν(n+ − n−)] p2dp (8)
The term p3
dǫ
dp
results from the integration by parts of the
logarithmic contribution to the entropy. The unbalance
on the number of charge carriers is
X = N+ −N− = 4
π~3
∫ R
r+
r2
√
grrdr
∫
(n+ − n−) p2dp
(9)
The chemical potential turns out to be of the same order
as Q itself; accordingly µ ∼ O(Q0) and ν ∼ O(Q). Ex-
panding the population number up to the second order
in Q gives
n± =
1
eβǫ + 1
∓ βν
4
1
cosh2(βǫ/2)
+
(βν)2
8
sinh(βǫ/2)
cosh3(βǫ/2)
+ . . .
(10)
Having in mind this expansion and the definition of ν
[eq.(7)], we can write for the plasma total energy [eq.(5)]:
E± =
7π3
15~3
A (mβ) β−4
∫ R
r+
r2
√
grrdr
+
2π
~3
e2Q2β−2
[
B
(
mβ
2
)
µ2
∫ R
r+
r2
√
grrdr + 2µ
(
B
(
mβ
2
)
− 1
3
C (mβ)
)∫ R
r+
r
√
grrdr
+
(
B
(
mβ
2
)
− 2
3
C (mβ)
)∫ R
r+
√
grrdr
]
(11)
and for the entropy [eq.(8)],
S± =
2π
3~3
β−3
[
14π2
15
D(mβ) + (mβ)2E(mβ)
] ∫ R
r+
r2
√
grrdr
+
2π
3~3
e2Q2β−1
[
4F
(
mβ
2
)
+
3
π2
(mβ)2G
(
mβ
2
)
− 2C(mβ)
] ∫ R
r+
(µr + 1)2
√
grrdr; (12)
last, for the charge unbalance
X = −4πeQ
3~3
β−2C
(
mβ
2
)∫ 2M
r+
√
grrdr(µr
2 + r) (13)
Where we defined the functions:
A(x) =
120
7π4
∫ ∞
0
1
eχ + 1
χq2dq (14)
B(x) =
8
π2
∫ ∞
0
sinhχ
cosh3 χ
χq2dq (15)
C(x) =
12
π2
∫ ∞
0
1
cosh2 χ
q2dq (16)
D(x) =
120
7π4
∫ ∞
0
1
eχ + 1
q4dq
χ
(17)
E(x) =
12
π2
∫ ∞
0
1
eχ + 1
q2dq
χ
(18)
F (x) =
8
π2
∫ ∞
0
sinhχ
cosh3 χ
q4dq
χ
(19)
G(x) = 2
∫ ∞
0
sinh(χ)
cosh3 χ
q2dq
χ
(20)
3with
χ =
√
q2 + x2 (21)
The numerical factors in these definitions were chosen
such that in the ultra-relativistic limit x = mβ → 0 all
these functions → 1. One should bear in mind that up
to the second order in Q
∫ R
r+
√
grrr
2dr = I2+
(
Q
2M
)2 [
R3√
1− 2M/R − 3I2 +MI1
]
(22)
where we defined
In =
∫ R
2M
rn√
1− 2M
r
dr (23)
In this paper we consider only the ultra-relativistic ap-
proximation, as it keeps the essentials of the problem and
is amenable analytically. Then, to the relevant order in
Q we find the total energy by adding the radiation, the
plasma and the black hole energies
Etotal =M +
11π3
15~3
β−4
[
I2 +
(
Q
2M
)2(
R3√
1− 2M/R − 3I2 +MI1
)]
+
2π
~3
e2Q2β−2
[
µ2I2 +
4µ
3
I1 +
1
3
I0
]
(24)
Similarly, adding the black hole, radiation and plasma entropies
Stotal =
π
~
(
M +
√
M2 −Q2
)2
+
44π3
45~3
β−3
[
I2 +
(
Q
2M
)2(
R3√
1− 2M/R − 3I2 +MI1
)]
+
4π
3~3
e2Q2β−1
[
µ2I2 + 2µI1 + I0
]
(25)
Our last ingredient is the constraint [eq.(2)] which can
be immediately solved with the help of eq.(13):
µ =
3~3
4πe2I2
β2 − I1
I2
(26)
Conditions of Thermal Equilibrium, Charge
Fluctuations and Stability
We are interested on equilibrium configurations of a
Schwarzschild configuration (Q = 0) with the thermal
bath of radiation and plasma. They follow are from the
first and second derivatives of the total entropy with re-
spect to M and Q, in the limit Q→ 0. In this limit, the
first and the second derivatives of the total entropy with
respect to the mass are identical to those of an uncharged
black hole, meaning that the BH temperature is identical
to that of the Schwarzschild black hole and the stability
condition (positive specific heat) yields identical results
of those obtained by by Pavon and others many years
ago [3]- [5]. As a side remark, β(Q) obtained from the
first derivative of M ( before letting Q → 0 ) depends
upon Q only quadratically and ∂β
∂Q
∣∣∣
0
= 0 but ∂
2β
∂Q2
∣∣∣
0
6= 0.
Also the total entropy depends only quadratically upon
Q; consequently its first derivative with respect to the
charge vanishes as Q → 0, the Schwarzschild solution is
an equilibrium configuration. The second derivatives of
the entropy with respect to Q will provide us information
about the charge fluctuations and stability of the equi-
librium. From the energy conservation constraint [eq.(1)]
we calculate
(
∂2Etot
∂Q2
)
Q=0
= 0, obtaining :
I2
(
∂2β
∂Q2
)
Q=0
=
β
8M2
(
R3√
1− 2M/r − 3I2 +MI1
)
+
15e2β3
11π2
(
µ2I2 +
4µ
3
I1 +
1
3
I0
)
(27)
4Next, we calculate the second derivative of the entropy,
substitute the previous result for the second derivative of
β and take into account the charge conservation condition
[eq.(26)]. Recalling the Bekenstein-Hawking temperature
~β = 8πM , we get
∂2Stotal
∂Q2
∣∣∣∣
0
= −4π
~
− 11
960M2
(
3i2 − ρ
3√
1− ρ−1
− 1
2
i1
)
− 3π
2
16e2i2
+
8π
~
i1
i2
+
e2
3~
(
i0 − i
2
1
i2
)
(28)
In the above expression we defined
in(ρ) =
∫ ρ
1
xn√
1− x−1 dx (29)
with ρ = R/2M . In the limit R >> M , the inverse of
the third term in eq. (28) can be expressed in the form
(∆Q2)stat =
4πe2R3T 3bh
9~3
(30)
and corresponds to thermal fluctuations on the number of
charge carriers. The inverse of the first term corresponds
to fluctuations
(∆Q2)qg =
~
4π
. (31)
which do not depend upon the temperature of the
plasma, so it is not a thermal fluctuation. It neither
depends on the size of the vessel; tracking back its ori-
gin, it comes from the second derivative of the black hole
entropy itself so it does not depend on any of the plasma
properties.
III. OPEN QUESTIONS
The parenthesis in second term appearing in eq.(28)
is positive defined and as ρ >> 1 it tends to ρ/2, the
larger the vessel the more stable is the system. Together
with the fourth term, it does not depend upon the charge
of the charge carriers and this is quite weird. The last
term is positive defined and grows linearly with ρ: it
might represent a threat to the stability of the system.
We should bear in mind that we considered the ideal
situation where the wall of the vessel is a perfect mir-
ror. Charge fluctuations that arise from interactions of
the plasma with atoms of the wall must also be consid-
ered and the question is whether these fluctuations at the
wall of confining cavity do stabilize the system. We sug-
gest that (∆Q2)qg is an intrinsic uncertainty of the hole’s
charge, it has nothing to do with the charged particles
of the plasma being absorbed and emitted by the hole;
it is a genuine quantum mechanical uncertainty of the
hole’s charge. Surprisingly,
√
∆Q2)qg is very close to the
electron charge. Does it hint to a bridge between gravity,
quantum theory and particle physics ? Should (∆Q2)qg
indeed turn out to be a pure quantum mechanical uncer-
tainty of the hole’s as we conjectured, the black hole is
never strictly uncharged an there is a quantum mechani-
cal throat at the Cauchy Horizon where information can
leak to another Universe. Then, it is quite legitimate to
ask whether this could solve the the information paradox
and the conversion of pure states into mixed ones. Fur-
thermore, how does it come that some of the terms in
the expression for the fluctuations do not depend upon
the charge of the charge carriers ?
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